A quantum form of the Hamiltonian for a double-exchange ͑DE͒ system, based on the results of Anderson and Hasegawa's semiclassical treatment, is presented together with several predictions. The magnetization decreases mainly in 3/2 and 5/2 powers of temperature at low temperature but includes a T 3 term. The Curie temperature, in a rescaled DE coupling energy (ͱ2b/2S
I. INTRODUCTION
Colossal magnetoresistance ͑CMR͒ materials 1 attract considerable attentions due to their potential for applications and their rich physical phenomena for scientific interests. The exotic phenomena arise from the strong coupling among charge, spin, and lattice in which the double exchange ͑DE͒ 2 plays an important role. Anderson and Hasegawa 3 studied DE in great detail and showed that the transfer element is proportional to cos(/2), where is the angle between the neighboring ionic spins. This was confirmed by studies on layered manganites. 4 However, their semiclassical treatment ͑SCT͒ is based on the simplest case of only two magnetic ions with one electron traveling between them. In real materials there are a large number of ions and electrons. The hopping of electrons is unavoidably affected by other degrees of freedom, e.g., lattice effect as pointed out by Millis et al. 5 To study the interplay among spin, charge, and lattice degrees of freedom dynamically, it is insightful to treat the DE problem in a quantum-mechanical form.
However, there are two features of DE that make it quite different from the usual form of exchange interaction and these make its treatment very difficult. One is the half-angle dependence of the interaction in SCT and the other is the extra degree of freedom allowed by the electron's motion. Kubo , T 7/2 series which is typical Heisenberg behavior 14 -16 but an additional T 3 term is predicted, characterizing the motional and hole-concentration-dependent nature of the DE. The Curie temperature in a rescaled DE coupling unit is hole-concentration dependent and about 1/3 that of Heisenberg magnet at xϭ0.5. The susceptibility at high temperatures lacks a 1/T 2 term and exhibits a ratio of characteristic temperature and rescaled DE coupling constant of about 3/4 that of Heisenberg magnet from molecular-field theory.
II. MODEL
In CMR materials there are two valances of Mn ions that are responsible for their magnetism. One is Mn 4ϩ that has three localized 3d electrons and spin S. This localized spin is defined as the core spin for the convenience of our discussion. Another is Mn 3ϩ that also has three localized 3d electrons and an extra d electron that is motional. The motion of the extra electron between two Mn ion neighbors generates a double-exchange interaction.
2 Mn 4ϩ is referred to as d hole with a concentration x in DE system. We start with the following Hamiltonian for DE system
where the parameter First we show that this DE Hamiltonian is a good approximation for half-angle dependence in the SCL when the material is in the ferromagnetic ͑FM͒ state. In classical limit, the (1/ͱ2)͓1ϩb(S f •S h /S 2 )͔ becomes (1/ͱ2)(1ϩb cos fh ) ϵf( fh ), while f ( f h ) fits quite well to cos( fh /2) for 0 р f h р/2, although a discrepancy appears for /2Ͻ f h р as shown in Fig. 1 . In SCL, f h ϭ0 and represent the material is in FM and antiferromagnetic ͑AF͒ states, respectively. Correspondingly, we expect the DE Hamiltonian is a good description for material in FM states. For AF states, the approximation may generate an inaccurate phase diagram border between FM and AF regions.
Next, we show the temperature-dependent Green function solution [11] [12] [13] [14] [15] [16] for the DE Hamiltonian. To describe the magnetic properties of a DE system, we also add a Zeeman term in the Hamiltonian
The temperature-dependent retard Green function 
In our calculation, we shall need four kinds of correlation 
where N is the number of magnetic atom in the material and f and h represent the atom positions R f and R h . We use Callen decoupling 15 to decouple the core spins and Tayablikaff decoupling 12, 13 to do the disentanglement among core spin Fermion, and Fermion-Fermion. Some manipulations yields
Comparison between cos /2 and f ()ϭ(1/ͱ2)(1 ϩb cos ) with bϭͱ2Ϫ1.
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G͑k͒ϭ͗S z ͘ 2 ϩ͗S z ͘cothͩ
where
is the energy spectrum of charge wave for motional electrons;
is the spin-wave energy spectrum for core spins, (k) and G(k) with each other reflects the interplay between the charge wave and spin wave. Our derivation for the coupled equations is not restricted to special crystal structure and nearest neighbor ͑NN͒ for the exchange interaction.
III. RESULTS AND DISCUSSION
To reveal some characteristics of DE systems we shall discuss some interesting asymptotical solution of DE equation. For the sake of simplicity, the material is assumed to be simple cubic and the DE to be with NN. In that case, 
where the new quantity q is
We define ͗S tz ͘ϭ͗S z ͓͘1ϩ(͗n͘/2S)͔ which includes the contribution from motional electron. In our calculation ͗n͘ has been set to be a constant 1Ϫx, thus the temperature dependence is mainly from ͗S z ͘. Following the techniques used by Dyson, 14 Callen 15 and Thahir-Khelli and ter Haar, 16 we obtain series solutions for the following three interesting temperature ranges. At low temperatures,
where ϭ3k B T/4zJ d S following Dyson's notation 14 for and 5/2 terms indicate the DE system behavior is close to a localized Heisenberg system. This is consistent with the experiments. 17 If the temperature is just below T C , we can expand G(k) and thus ͗S tz ͘ in powers of 1/T. Since the spectrum in the Fermi distribution does not include ͗S z ͘ factor explicitly, the expansion of this part has no meaning. However, we can expand the Bose distribution to express the Curie temperature by a parameter q c and using
͑11͒
where we follow Callen's definition 
It is clear from the two equations that q c is dependent on the hole concentration x, as well as the crystalline geometry factor F(Ϫ1) of the materials. The x dependence of q c for simple cubic can be obtained by a numerical method 19 with Sϭ3/2 for CMR manganites. From the above results, we can estimate the Curie temperature T C . Figure 2 shows the x dependence of T C with J d ϳ0.2 eV as used by Millis et al.
5
The T C has highest value at xϭ0.5, and k B T C /J d is about 33% that of ordinary Heisenberg magnet. The calculated T C ϳ1050 K for xϭ1/3 is much higher than the experiment T C ϳ250 K ͑Ref. 20͒ for La 0.67 Ca 0.33 MnO 3 . However, this is consistent with the theoretical result obtained from SCT by Millis et al. 5 who pointed out that a lattice degree of freedom might be added to explain CMR. As a matter of fact, according to band-structure calculations 21 of La 1Ϫx Ca x MnO 3 that include the lattice distortion effect, J d ϳ52 meV and this value gives T C ϳ270 K for xϭ1/3. Note that in our calculation the dynamic effects of lattice and superexchange interactions are not included. These two factors may reduce the calculated T C , however the calculated T C ϳ270 K agrees with experiments. In the high-temperature region, we obtain a series expansion in inverse powers T for the susceptibility, where T s is a characteristic temperature given by k B T s /J d ϭͱ(2z/3b)S 3 (Sϩ1). We do not find the 1/T 2 term in agreement with Anderson and Hasegawa's result, 3 and furthermore, k B T s /J d is about 77% of that of a Heisenberg magnet derived from molecular-field theory 15 for Sϭ3/2 and zϭ6.
IV. CONCLUDING REMARK
We have investigated the magnetic properties of a DE system by using a quantum form of the Hamiltonian. The results for Curie temperature and the high-temperature series expansion of the susceptibility nicely reproduce those from the semiclassical treatment on DE. The core spin behavior is close to that of Heisenberg magnet at low temperatures and thus may explain the recent experiment. 17 These provide that the Hamiltonian we have obtained is a reasonable description for DE interaction.
